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On the computation of the invariant vectors
‘ of a matrix.

Introduction.

Let P be a square matrix of order n with real or complex ele-
ments and let

(1) A(A) = det(AI - P) =A" + x;, AP + ... +k =0
be 1ts characteristic equation withroots:Xl,...,;\g (?\i %;Ak if
1 # k). The elementary divisors of AI - P are characterized by Segre!'s

notation (ql,l;"';q1591)5°";(qg,l5"';qg,0g) :
Here the T 3 are positive integers with
s
2 q > > ... >q
(2) h,1= %h,2 = =%h, vy,

(h = 152.9*"&,%) and

. Vh
> Z p, 3 = -
h=1 =]

The above notation denotes that for O0< k £ n-1 the k-th minors of
:\I - P (which are of order n-k) have the common divisor

a &
oL (A) =) ( (A - A) Pk
h=1
where
‘Eh,k”“”o - if k=2 ),
= qhﬁk;kl + ...+ qh’\)h 1f k < \V)ys

(the factors dk()\ ) resp. (R - A h)éh"k are called the elementary
factors resp, the elementary divisors). Especilally, putting

Vi
3) *h “Z; In, ;
Jj=1
(q1+q2+...+qg = n), we have
y“z a

Hence 'Ah.is an eigenvalue of P of multiplicity dy, - Further, :}hluP
18 of rank nAﬂh whence 1t follows that there are exactly Qh linearly

independent eigenvectors of P belonging to the eigenvalue:\h; By (3)
_ <
and Ay, | 4 > 1 we have ‘)h < q-

It is known that there can be found a set of n llnearly indepen-
dent vectors

ehgjyk (h=1,...,3; J=1,..¢3\)h; 'k=l,...,qh,j)

which satlsfies the system of n equations



(%) (P- A, I) e 3.k = ©h,1.Kk-1’

hat we put e = 0. These vectors e, ,, are called in-
_ n,J,o h(J,k '
The Q h invariant VeCtOrg eh, J , 1 | J = 1’ > e o P \>h) are

g to the eigenvalue )\h.

provide
variant vectors.
the ), elg

Now, we form

gular matrix T of order n whose column
Ve

ctors are the invariant vectors €, 1,k These vectors are supposed
2 >
to be ordered in such a way that h, i,k precedes ey, 3,k if
h <h'

or h = h' and J < J°

or h = h', J= J' and k < k!'.
h, j (h=1,...,8; J=1,... ,04\/ ) be the matrix of order
defined by

Further let P
“h,

N

(all elements of the main diagonal equal >(h_; all elements of the
parallel adjacent to the eight equal 1; all remaining elements are
Zero) . |

Finally, we introduce the following matrix *P of order n

composed of blocks ij arranged so that the maln diagonal of each
lies on the main disgconal of "5'}?; the cther coordilnates being O.
This matrix 'XLP has a so-called canconical form. With any matrix A there
corresponds at least one non-singular matrix S for which Xy = S”lAS
has a canonical form; (one says that *A 1is a canonical Form of A).
This canonical form is unique save for the order in which the blocks
along the main diagonal of "M are arranged.

Using the above matrices T and *P the system of n equalities (4)
can be replaced by
(5) PT = T*P or *p = T"}'PT .




Hence the determination of a set of n linearly independent in-
variant vectors (which satisfy (4)) 1s equivalent to the determina-
tion of the non-singular matrix T which transforms P into its cano-
nical form *

Let P be a given square matrix of order n with real or complex
elements. In this report an exposition will be given of a new method
for the computation of the eigenvalues, the invariant vectors, the
Segre numbers etc. of P. This method is a generalizatlon of a known
method for the computation of eigenvectors (cf. the bibliography at

the end).

The method.

In this parapgraph the announced method will be explained. All
unproved assertlions will be demonstrated in the last section.

Birst of all, one successively computes

B1 = P +~k11 where kl = - Trace P

= ’ L - " } — S C1
B, = PB; + k,I K, % trace PB,

(6) . JRUCIEEOIR
- P _ ron e '

Bn__l == PBI’I*Q + kn-—-lI kl’l--l T trace PBI’I--Q
L * { 1 Y § . ;
B =PB 4+ kI K, = trace PB__,.

The equality B_ = O ylelds a check (1.e. PB,_, 1s a diagonal
matrix) . |
Next, one computes the different rootslxl,...,:\ of the equa-

tion

&

A(A) =t “,\n+kl }““1 t ... +k =0

and the multiplicity ay, of tThe root )h (&, = 1,...,8); We have
aq + As + ... + dg = n. These roots kl, e ey Rg are the elgenvalues
of P.

In order to compute a set of Q4 linearly independent invariant
vectors belonging to the eligenvalue *Al we 1Introcduce

Thlis matrix Batisfiesﬁ)

(8) (AT -P) Q(A) = A(A).
Hence, by A(h) ( ?\13 =0 (h=0,1,.. .,ql--l) , 1€ foliows that the

matrices
N
1 | 4

x) Especially, it follows from (8), that P~




satlisfy

(10) (P -A) @, =9 _; (h=0,1,...,q,-1).

Let ql,J (J = 1,...501) be the Segre numbres of P belongling
to the eilgenvalue Rl (see introduction). By a, we denote the number
of the quj which are equal to k ( k = 1,2,,..,q1).1f these numbers
a, are known, then,; also the Segre numbersquj.

We oObserve t§%t

/ o}
1
(11) a =Z q =) ka, .
1 = 1, - K
Finally, we assert thath the rank:rh of Qh is glven by
(12) r, = aqlwh + gaql~h+l + 3aq1”h+2 + + (h+1)aql

(h - 031p2)¢¢.,q1“l)u
The above properties enable us to compute a set of d4 linearly
independent invariant vectors belongling to jkl. Such a set conslsts
of vectors
fk,lt,m (kml,...,q,; em ...,ak; m = l,...,k)

1,
(omitting those k for which a, = 0) which satisfy

(P - ’Al) "%, 8,m = Y, £,m-1

provided that we put f, » = 0. The =Zak vectors g
the eigenvectors belonging to :Al' J
The computation runs as follows. First of all, one computes

the matrices Q. (h = O,l,.,‘,ql~1) from (7) and (9). Afterwards,

one determines the rank r.p of Q, (h = O,l,...,qlwl). By (12) we
1

have

(13) aql_h =T, - 2Py 5 + I _, (h

Il

0,...,45)

provided that we put r' 1 =T _5 = O. Thus the numbers al,,..,aq are
1

known and, hence, also the Segre numbers belonging to :\1‘

d
(7
It sufflces to determine 'Ol =2§ . elgenvectors belonglng to
f=

:\1 in such a way that (for k = 13...,q1; ak ;>O) exactly ak elgen-
vectors fk /_e 1 (.18-._--: 1,... ,ak) are obtalned as a proper linear compo-

sition of the column vectors of Qq _ and that the resulting Qlwzrak
1

eigenvectors are linearly independent. If this has been done we are
ready. For the fkye o (m = 2,...,k) can now be obtained by replacing
»

in the linear combination of the columns of Qq _i» which constitutes
1

fkyﬁ,l’ any column by the corresponding column of Qq k4m-1° BY (10)

1
these vectors fk,ﬁ,m satisfy

(15) I (P B ?\1) fkg'g.sm - fk:‘EJm“l

(m = 2,3,...,k). Further, fi §.1 18 an elgenvector,
J ’ .
Hence (15) holds if 1 £k < Qys 8 > O, 1 = -£éak and 1 < m < 1



-5 -

provided that we put fk ,B s = 0. Uslng (15) and the linear lndenpen-
dency of the ‘») eigcnvectors fk,@, 1 oOne easlly proves that the
ql = Zk’k vectors f1, &.m are linear independent. Thus, the requlred
set of q, invariant vectors has been found. ‘
There remains the above mentioned computation of \) = Z
(k = 1,2,... ’ql’ ak>' O

genvectors

linearly independent ei

From (12) we obtain
s f < =z
OLri&r, £ ... £1_ -1 q, >0.

Hence the integ:

H

_ 4 =P (0= f’ < ql-l) can be chosen 1n a unil-
quely determined manner in such a way that r, = O for h<(3 , wWhereas

r'¢ > 0. By (12) we have a, =0 1f h> p (i.e. all q, j are at most
equal to p) and a, = r'? (1.e. there are exactly r'? among the g, 3
which are equal to p). '

From (10) and = (for r = 0) we conclude that any
column of Q? is an eigenvector*of'g belonging to :\ Let
pJBJl ( 8“ 1 .;,ap)
be a set of a, independent column vectors of Q? (which is of rank

a_ =1 ).

0 If pa, = q, we are ready; (then.ah = O for h ¢ p). Otherwise,
by (11), there exists an integer with 1 £ 8 <p and a, > 0; let s
be the largest integer with this property. By (12), the matrix Q
is of rank (pwa)ap whereas Q has the rank (aB+ap) + (pws)ap.

, Ay =B
Let
Xy, (h = 1,2,...ﬁ(p~s)ap)

be a set of (pws)a llnearly independent column vectors of Qq K
1

b Further, let
a set of a‘+ap column vectors of Q

Let‘yhlbe the column of Q
Z, (h = 1,.. cya ta ) be

s which corresponds to X
l

ql“s
which together with the (p- s)ap (linearly independent) vectors i form;
a set of (a +a, ) + (p-8)a
From (lO) we infer
(P "’Al)yh = h (h = 1,...,(p-s)ap)

while (P ”:AI)Zh 1s the column of Q

b linearly independent vectors.

which corresponds to z

q, -8+1 h-

1
This column 1s linearly dependent on the Xy, - Hence

(P ...—Al)gh — O(h_,l Xl + O(h,Q X2 +
where C{h " is a scalar. Pinally, we introduce the vector
’ >3
sh ”dhlyl “dhzye"'aut (hml,...,as‘*ﬁp)

which satisfies
(P “’Al)gh = 0 (h == l,...,as +ap).



These as+ap vectors grh_are linearly independent. Af leastT a g vectors

> h

fs,lﬁl""’fs,as,l (say)
form together with
I & f

p,1,1°°" """’ "p,a_,1

pj
a set of a + ap linearly independent eigenvectors of P.

It pap + aas = q1 we are ready. Otherwilse the procedure must be
continued. The way of this procedure seems to be enough classified

by the above detailed exposition.
Example. Let be

12 -2 -6 -5
o |l 15 -2 -8 -l
-8 2 5 2
41 -8 -22 ~10 |
From (6) we obtaln, successively,
kl = - Trace P = -5
7 -2 -6 -3 ’
Bl=P+kiI =|| 12 ol -8 -4
-8 2 O 2
41 -8 -22 -15
=21 D 10 5 |
PR, = -25 O 14 7
16 -4 ~12 -4
67 10 38 15
k, = -3 trace PB, = +9
~-12 D 10 514
~-25 9 14 7
B =PB_.+k .1 =
e Tl 72 16 o -3 -4
11l O -4 -2
PBz _ 10 Y -6 -3
, -8 2 9 211
26 -~ -16 -5
kB = - 1/3 trace PB, = -7
4 0 -4 -2
10 -3 -6 -3



PB. = ° - 0
O O -2
O O O
ky = - 1/4 trace I”B3 = +2
(by ‘E’B3 = - kQI, 1t sufflices to compute only one diagonal element

of PB3) . Thus, we have*)
_ D 25 L7
Q(‘A) = >\ + P\ 1 + B2 + B3
Q(}) m'f\u - 5 A’ + 9?\2 - 7>\ + 2
- (A-2)(A-1)°.
Hence, Al = 2 1s a simple eigenvalue while ?\2

and

i

l 18 an eigen-
value of multiplicity 3. Any column vector of
116 -4 -8

Q(2) = 8I 4 4B, + 2B, + B

2 b

is, save for multiplication with a scalar, equal to the only in-
5 belonging to 7\1 = 2. We take

[-—4, -5, +2, -14] ;

(1t suffices to compute only one non-zero column of Q(2)).
In order to determine the Segre numbers belongling to ’A n = by,
1t suffices to know the rank r. of Ql , where

variant vector (= eigenvector) x

b e

Xl =

1
h
thﬁr[a% Q(A)]Aml (h = 0,1,2).

For we have from (12) for the rank r

Segre's notation Ts

(3) 3

(21) 3

(111) o 3

In the above special case, we have

5 -2 -2 -1
5 -2 -2 -1

Q = >+ 2B + 3B 0 0 0 JB

15 -6 -6 -3
Hence ry = 1, which implies the Segre numbers c:12‘”l = 2 and q2,2 = 1.
There are exactly two eigenvectors belonging to %2 = 1. One can
be obtained as an arbitrary non-zero column vector of Ql .

I
1

%) .
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We choose

X2 — [‘“15 "'"'1.9 OJ """‘3J
Finally, we have

10 -2 -6 -3
'l 15 -4 -8 -4
Q, = 3T + B, = (k,+3)I + P = - 2T + P =
- . ; -8 2 3 2 |
41 -8 22 -12

Let y, (1 = 1,2,3,4) be the i-th column vector of Qz. By (P~1)Q2~_-.-.-.-

= Ql we have
(P - 1)y2 = + 2X,

(P - 1)y“_ = - X2

Hence, the vectors

*3

Il

Yy = [ -3, =4, 2, --12]

and
Xy = Vo = 2¥y = [4, 4, -2, 16]

complete the set of invariant vactors. Here,qxu 1s an elgenvector
belonging to Az = 1 which is linearly independent of the elgenvec-

tor Xp
The non-singular matrix
-4 -1 -3 4
T = (%95 %55 X2 X)) = =5 -1 -4 4
_ 2 O 2 -2
-14 -3 =12 16
transforms the glven matrix P inté its canonical form
2 O O O
#P _ T-—l P O 1 1 O .
O O 1 O
O O O 1



Theoretlical investigations.

In this section we shall demonstrate the unproved assertions
of the preceding paragraph. These are the following.

1. The coefficlients k‘m of the characteristic equation of P can be

R

computed from (6).

2. The matrix Q(A ) defined by (6) and (7) satisfies (8).

2. The rank ry of Qh (which is defined by (9)) satisfies (12) where
a, 1s equal to the number of Segre numbers dq, 3 (belonging to
the eigenvalue >\1) which are equal to h (h = 1,2,.. .,ql) .

Remark.

Only for the proof of the third assertion we shall make use
of the property that there exists a non-singular matrix T for
which %P = Tm:L PT hastiecanonical form. This assertion can also
be proved without using the latter property. Then, the method
off the preceding section 'yields, simultaneously, a proof of the

reducibllity of P into a canonical form.

Let P be a given square matrix of order n. If
(16) A(A) =det(AT - P) =3 + k) AT 4 Ly K

the Hamilton-Cayley theorem states A(P) = O. Thus,we have,
ldentically,

n-1 1 1
AT = BOND) - AR =2 { (AD™ - P
= (AT - P)SV_:_']: kiil An"m'l pm-1
1=0 =1
— n-1 Nn-m-1 m-31
---(?\I--P)Zm_;_‘b) >y P

(where k_ = 1). Hence, putting

m m-1 —
(17) B =P + kP + ... + kT (m =
(BO = I; an::O)*and
(18) QA ) = 1\ By (\n-z + B, ")\n"B + «.. + B _15
we obtailn -
(19) (AT - P) Q(A) = A(A)T
i.e. the matrix Q( A) defined by (17) and (18) 1is the adjoint of
‘AI - P.

Now, we assert

(20) trace Q( A ) = Q_%L;}_l

By continuity,we may restrict ourselves to the case where the n

el genvalues ?\1,?\ TREEY 'P\n are all distinct and where } + ?\i
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(1 =1,2,...,n). We then have from (19)

{l

trace Q(>\) 6(7\) trace (?tI - 'f:’)m1 =2

o db A
- ___..(X_).d ,
(for ( AI - P) "1 has eigenvalues ( A =7 1) "l, which proves the
assertion (20).
From (16), (18) and (20) we obtain
trace B = (n-m)km (m = 1,2,...,n-1),

{

which holds also for m = O and m = n by ko = l,Bo
Hence, by (17)
trace PB,_; = trace (B - k _I) = (n-m)k_ - nk = - mk

I and Bnm Q.

or
(21) k = - -r:lt-;l- trace PB__, (m = 1,...,n)
Because (17) implies

B, = PB__; + k_I (m = 1,2,...,n),

we have already proved the two first assertions mentioned at the
beginning of this paragraph.
In order to prove the third assertion we remember that the
non-singular matrix T of order n can be found in such a way that
“p = 771 po
is the canonical form of P (see introduction) which has the same

elgenvalues and the same Segre numbers. Introducing

(22) UMY = 17 ()T
we have from (8)

(23) (AT -7p) TQ(A) = A(A).
Hence, by A(’>\) det (7\1 - P) = det (7\1 --*-P), the matrix
*Q( 7\ ) 1s the adjoint of J’&‘P,... The matrix

1 | a® ¥ ‘-
Q =BT[ % QA )]

satisfies by (22)

* =1
Q, =T

QT
and, hence, has the same rank as Qh’ which 1s defined by (9).

Thus, it appears that, as to the proof of (12), we may res-
trict us to the case that P is a canonical form. Then, P 1s composed
of blocks P arranged so that the main dlagonal of each lies on

h, ]

the main diagonal of P, while all remaining elements are zero. Let
| - 1 . e '
Ay, 5 (J=1,..0,V)

( Q > QL A ... >Q = 1) be the Segre numbers belonging
(ap,12 9,02 =%,y ,5 ) & &-1E

to the eigenvalue A h (h = 1,...,g). There 1s a one-one corres-

pondence between the blocks P 3 and the Segre numbers Qy, 3 ; let
42 rels "3 e |




Ay, 3 correspond to P, 5 In this case, is the following
3 J 5

square matrix of order qy,

> J
A, 1 0 o.. .0}

*h, 3

h,J

h ||
Q( '>\) is a continuous function of >\ which for ’>\ + 7\ h
(h = 1,...,g) is equal to
A(A) (A1 -p)7t
Here (’r\ I - P) is composed of blocks ( )\I - Ph J)” along the
main diagonal. One easily establishes that,for 7\’? A h (h = 1,.. .,g).}

1

where 1in each parallel of the main diagonal all elements are

equal. Because of -'
A (A) *)jﬁ (A-Ay) on

n=1
we obtain that for any value)\ the matrix Q(?\ ) is composed of
blocks of the form

Rh, j(’A ) WK ()\".A 1

k¢h

where, again, all elements of an arbitrary parallel of the main
diagonal are equal. Let Ty i,m be the rank of the matrilx
h, 3,

4 b 1
" A ' r . L
I} A ﬂ z .I, k ]. Ei E Ir ! ) ' K : .
w. r | ’5‘ ¥ 4 l é 4 . L ) k. l. ! i i

¢ = O if h # 1
= 0 if h =1 and m+l - ( dy-Qy J)‘ <0
= 1 if h=1and mtl - (qy-q J) = 1
-

with 1 £21<£ q ;-

~trime defined by
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—

{8

S B -
Qm"“?n"!."ld}m Q(x)l}\:xl (O ﬁ-m&ql 1)

is composed of blocks Qh i, m (h =1,...,; J=1,..., \)h) and .
J 3

henceyhas the rank

Z: =

5 “h, J,m""’Z: 1,j.m =

= Z .o (m+1) E
; a4, j"’"ql

= aql*m + 2 aq1~m+l + ... + (m+l)aql

if a, (k = l""’ql) denotas the number of the q, 3 which are
equal to k. This proves formula (12).
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